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Anomalous magnetic moment of the muon
Recently, it was shown that insertions of hadronic vacuum polarization at O(α4) generate non-negligible 
effects in the calculation of the anomalous magnetic moment of the muon. This result raises the question 
if other hadronic diagrams at this order might become relevant for the next round of g−2 measurements 
as well. In this note we show that a potentially enhanced such contribution, hadronic light-by-light 
scattering in combination with electron vacuum polarization, is already suﬃciently suppressed.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.In [1] the contribution of diagrams involving hadronic vacuum 
polarization (HVP) at O(α4) to the anomalous magnetic moment 
of the muon was calculated as
aHVP,NNLOμ = (12.4± 0.1) · 10−11. (1)
This result is signiﬁcantly larger than expected if compared to the 
suppression of |aHVP,NLOμ /aHVP, LOμ | ≈ 1/70 [2], which would have 
suggested an estimate of |aHVP,NNLOμ | ≈ 1.4 · 10−11. This substan-
tial enhancement of NNLO HVP diagrams immediately raises the 
question if other hadronic contributions at O(α4) might be non-
negligible as well. Amongst these missing O(α4) contributions 
is hadronic light-by-light scattering (HLbL) combined with lepton 
vacuum polarization, see Fig. 1. For the electron this diagram is en-
hanced by logmμ/me and therefore could become relevant in case 
of a large prefactor. In particular, taking [3]
aHLbL, LOμ = (116± 39) · 10−11 (2)
for HLbL scattering, a suppression factor similar to |aHVP,NNLOμ /
aHVP,NLOμ | ≈ 1/8 would indicate a contribution of |aHLbL,NLOμ | ≈
15 · 10−11, of the same order as the accuracy projected for up-
coming experiments [4,5].
The polarization due to +− pairs ( = e, μ, τ ) leads to a mod-
iﬁcation of the photon propagator by a factor
Π
(
q2
)= 2α
π
1∫
0
dx x(1− x) log
[
1− x(1− x) q
2
m2
]
, (3)
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SCOAP3.Fig. 1. HLbL scattering combined with lepton vacuum polarization. The grey blob 
refers to the HLbL amplitude and solid/wiggly lines to leptons/photons. Diagrams 
where the lepton loop is inserted into the other photon propagators are not shown.
with photon virtuality q2 and lepton mass m . For illustration, we 
approximate the HLbL tensor by the pion-pole contribution [6]
aπ
0-pole
μ = −e6
∫
d4q1
(2π)4
∫
d4q2
(2π)4
1
q21q
2
2sZ1 Z2
×
{Fπ0γ ∗γ ∗(q21,q22)Fπ0γ ∗γ ∗(s,0)
s − M2
π0
Tπ
0
1 (q1,q2; p)
+ Fπ0γ ∗γ ∗(s,q
2
2)Fπ0γ ∗γ ∗(q21,0)
q21 − M2π0
Tπ
0
2 (q1,q2; p)
}
,
Z1 = (p + q1)2 −m2μ, Z2 = (p − q2)2 −m2μ,
s = (q1 + q2)2, (4) under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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0
i (q1, q2; p) as given in [6] (see [7] for an 
interpretation within dispersion theory). p denotes the muon mo-
mentum and Fπ0γ ∗γ ∗ (q21, q22) the pion transition form factor. In 
most model calculations of HLbL the pion pole is the most impor-
tant single contribution, and the full result is dominated by the 
sum of all light pseudoscalar mesons [3]. For the pion transition 
form factor we take a simple VMD model
Fπ0γ ∗γ ∗
(
q21,q
2
2
)= 1
4π2Fπ
M4ρ
(M2ρ − q21)(M2ρ − q22)
, (5)
with pion decay constant Fπ = 92.2 MeV and Mρ = 775.26 MeV
[8]. This model for the pion transition form factor leads to
aπ
0-pole
μ = 57.2 · 10−11, (6)
in agreement with [6]. Modifying the photon propagators by the 
polarization factor (3), we ﬁnd for the electron loop
aπ
0-pole,NLO
μ = 1.5 · 10−11, (7)
a mere 2.6% correction. In fact, from renormalization-group argu-
ments [9] one would have expected a suppression of
3× α
π
× 2
3
log
mμ
me
≈ 2.5%, (8)
in remarkable agreement with the explicit calculation. In this esti-
mate, the factor 3 originates from the fact that each of the photon 
propagators can be renormalized, and the prefactor of the loga-
rithm can immediately be derived from (3) in the limit m → 0. 
We also checked diagrams with muon/tau loops and HVP, all of 
which were found to be at least another order of magnitude 
smaller than (7).
Further O(α4) terms involve radiative corrections to the muon 
line. In order to estimate the possible impact of such contributions, 
we compare in QED the diagrams where the HLbL amplitude is re-
placed by a muon loop, whose mass is suﬃciently close to typical 
hadronic scales to serve as an indication of the order of magnitude 
of effects to be expected. The contribution with electron-vacuum-
polarization corrections is given as a subclass to IV(a) in [10], the 
radiative corrections to the muon line correspond to class IV(c) 
in [11], with a ratio −4.33/1.14 ≈ −4 (similarly, class IV(d) in [11], 
which would correspond to fully-offshell HLbL scattering, is sup-
pressed by 0.99/4.33). Therefore, also these remaining radiative 
corrections are unlikely to upset the estimate presented here. Fi-
nally, there are in principle also radiative corrections to HLbL scat-tering, but these are suppressed for the dominant pseudoscalar 
poles,1 so that this effect should be safely encompassed by the 
intrinsic uncertainty in the HLbL amplitude. Taking everything to-
gether, we obtain the estimate
aHLbL,NLOμ = (3± 2) · 10−11, (9)
where the central value follows from (2) and the suppression fac-
tor (8), with uncertainties conservatively estimated from (2) and 
the radiative corrections as observed for the muon loop.
In conclusion, there is no evidence for any O(α4) diagram 
involving HLbL signiﬁcantly surpassing its naive estimate. In par-
ticular, we ﬁnd that the size of potentially relevant diagrams en-
hanced by an insertion of an electron loop can be well estimated 
by renormalization-group arguments, as veriﬁed for a HLbL am-
plitude approximated with a π0 pole and VMD form factors. The 
resulting estimate for aHLbL,NLOμ lies a factor 5 below the accuracy 
goal of the next round of g − 2 experiments and can therefore be 
presently neglected.
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1 Since the exchanged meson does not carry electric charge, radiative corrections 
to the pion pole vanish unless the photon resolves the internal structure, which 
implies a suppression (for instance in a chiral counting).
